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1. (15 points) Let G be a group and let δg, g ∈ G, be the function on G such that δg(h) = δg,h.
Show that the linear transformation on C[G] that sends δg to δg−1 for all g ∈ G induces an
isomorphism from the left regular representation of G to the right regular representation of G.

2. (15 points) Show that each character of a finite group G which is zero for all g ∈ G \ {1} is an
integral multiple of the character of the right regular representation.
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3. (15 points) Fix a basis {e1, . . . , en} of an n-dimensional complex vector space V . For any
g ∈ Sn, the permutation representation ρ of Sn sends g to the linear map ρ(g) on V that maps
ej to eg(j) for all j. Let W be the linear subspace of V consisting of those elements

∑n
i=1 xiej

where
∑n

i=1 xi = 0. Let χ be the character of the representation ρ restricted on W. Calculate∑
g∈Sn

χ(g)2.
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4. (15 points) Let H be a subgroup of a finite group G. Let χ be an irreducible character of G,
and let ResGHχ be the restriction of χ to H. Assume that ResGHχ =

∑
i ciχi, where χi runs

through all irreducible complex representations of H. Show that
∑

i c
2
i ≤ |G : H|.
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5. (10 points) Let T be an n-dimensional irreducible complex representation of the finite group
G. Prove that n

|G|
∑

g∈G χT (g)T (g) is the identity map.
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6. (10 points) State the Frobenius Reciprocity Theorem for class functions and give a proof of it.
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7. (10 points) Calculate the characters of all real irreducible representations of the group A4.
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8. (10 points) Let A be a d × d complex matrix. For any positive integer N and any σ ∈ SN
consisting of disjoint cycles of length N1, . . . , Nr, let Trσ(A) = Tr(AN1) · · ·Tr(ANr).

(a) (5 points) Show that det(A) = 1
d!

∑
σ∈Sd

sgn(σ)Trσ(A).

(b) (5 points) Let ρ be a 2-dimensional complex representation of a finite group G and let
Xg, g ∈ G be a set of variables. Show that det(

∑
g∈GXgρ(g)) = 1

2

∑
g∈G(χρ(g)2 −

χρ(g
2))X2

g +
∑

{g,h}∈(G2)(χρ(g)χρ(h)− χρ(gh))XgXh.


