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1. Phase space (48 = )
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Discrete dynamical system (& # ) 77 13 4L)

Let S be a set and let ¥ be a family of maps from S to S.

Viewing the maps in ¥ as a set of time-evolution laws and S the
set of possible states, the pair (S, ) forms a discrete
dynamical system, where the dynamics are given by iterating
the maps in ¥



Phase space (18 % )

The phase space of the discrete dynamical system (S, ¥),
denoted by PS5 # or simply S, is the digraph with vertex set
Sandarcset{s— f(s): seS,feF}

When ¥ is a singleton set {f}, we call PS¢ the phase space of
a single map f and often write it as £S. The digraph £S; has
constant out-degree 1 and so each weakly connected
component of it is a cycle with a directed (known as its
transient there) attached to each vertex in the cycle.
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The wiring diagram:

/
Y

Let fi = —x2, fo =24 V (z1 A x3), f3 = T4 A T2, f2 = 22 V 3.

The phase space of f:

Figure: http://www.samsi.info/sites/default/files/
abdul_jarrah_122008.pdf
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1.1 Permutation (& %)
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Rooted labelled tree (A #&4Z 57 4)

A rooted labelled n-vertex tree is a rooted tree T with n
vertices together with a bijection ¢ from V(T) to Z,.

We say that this labelled tree T = (7, ¢) has tree type T.
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Trees and permutations (42 & 4)

We define two maps p, and ¢, from the set of all rooted labelled
n-vertex trees to itself, which involve both one-line notation and
cycle notation of permutations.
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The map p, (B4tp,)

3 3
/N pe /N
4 1 6 2
/ /
5 6 4 5

1

2

T, =(T,0) Ty = (T, ps(0))

Multiplication from right to left (cycle notation):
(2, D(1,3)(6,4)(5,4)(4,3) = (3,5,6,4,2,1)

Change the labelling (one-line notation):

t 3 5 6 4 2 1
{ { 1 1 1 A A
pe(0) 3 4 5 6 1 2
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The map g, (B4tq,)

3 3
/N g6 /N
4 1 6 4
/AN /N
5 6 2 1 5

2

T, =(T,0) T3 = (T, g6(0))

Multiplication from right to left (cycle notation):
(2, D(1,3)(6,4)(5,4)(4,3) = (3,5,6,4,2,1)

Change the labelling (one-line notation):

t 3 5 6 4 2 1
A 1 1 A A A {
g6(6) 3 2 1 6 5 4
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A quiz ()35 ER)

The phase spaces of p, and g, are denoted #,, and Q,,
respectively.

What is the shape of £, and @Q,? Or, what is the dynamical
behavior of p, and ¢,?
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Fixed points of p, (p, % 7~2) k)

Theorem (W., Xu, Zhu). The set of labelled n-vertex trees of
star type coincides with the set of fixed points of p,.

N

T4: a star

6, DG, DHE, DG, D)2, 1)
=(1,2,3,4,5,6)

Figure: Ty is a fixed point of ps.
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Fixed points of g, (g, 7~ 2) 2E)

Theorem (W., Xu, Zhu). A rooted n-vertex tree T with iy

inner vertices admits exactly (7T labellings ¢ such that (7, ¢) is
a fixed point of ¢,, where o(T) = 27 if the root of T is a leaf and
the maximum degree of T is at most 3, and a(T') = 0 otherwise.

1
|
g
2/ \5
o 126354
4 6
Ts: a tree Te: a path
(6,5)(5,3)(4,5)(3,1)(2,3) (6,2)(5,3)(4,5)(3,6)(2, 1)
=(1,6,5,4,3,2) =(1,6,5,4,3,2)

Figure: Both Ts and T¢ are fixed points of gs.
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Figure: Typical weakly connected components of Q.
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Theorem (W., Xu, Zhu). Each vertex of P, (Q,) is either a
loop vertex or on a 2-cycle or has its unique out-neighbor in a
2-cycle.

Theorem (W., Xu, Zhu).  For every rooted tree T with n
vertices, the number of labellings ¢ such that (T, ¢) is on a cycle
of P, (@) i n [Tyevir) degr ().

AN A A AAN

4

3 2 3 4
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Perturbation of the rule (32144 4%)

In general, P, and @, are not isomorphic to each other.

Let o, be the map from Z, to Z, that sends i to i + 1. Instead
of using the map p, and g, we can use o* o p, and o o g,
for some fixed k and get new dynamical systems. It is
observed that cycles of various lengths can happen in the
phase spaces of these more general dynamical systems.
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1.2 Primitivity (& /& %)
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Matrix as a map on nonempty subsets (4E [ 2 i 4)

Let k be a positive integer and let Set, denote 21\ {0)}.

A map f from Set; to Set is essential provided
fA)U f(B) = f(AU B), and
S(kD = [k].

The digraph of f, denoted I'y, is the digraph with vertex set []
such thati — jis anarc of I'y if and only if j € f(i).

An essential map from Set, to Set is the combinatorial
counterpart of a k by k matrix without zero lines. Indeed, such a
map f can be thought of as any & by k matrix M whose ith
column has £(i) as its support for all i € [k].
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Primitive matrix set (A& & 4£ & 3% )

Let ¥ be a family of essential maps on Set;. Let the primitive
index of ¥, which we denote by g(¥), be the longest possible
length of a walk in PS# without using the arc [k] — [k].

We say that ¥ is primitive provided g(¥) is finite, namely
whenever the only cycle in S« is the loop at [4].

It is clear that 7 is primitive if and only if g(¥) < 2% — 2 and if
and only if PS¢ is after deleting the loop edge at [k].
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Wielandt-type matrices (4 i 457 45 1)

Take a positive integer k > 2 and choose i € [k — 1] satisfying
gcd(i, k) = 1. A Wielandt-type matrix Wy, is the essential map
(matrix) A from Set; to Set; such that A(1) = {2}, ...,

Atk —1) = {k}, Atk) = {1,1 +i}.

00 01 00 01 000 01

1 0 0 1 1 00O 10000

Wy = Wz = ,Ws4=(0 1 0 0 O
01 00 ’ 01 00

0O 010 0 011 00 100

0 0 01 1
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1000--0100--0010-000"-.
11000110001 1.
100" 1101
10117 111(}»0111»11@
1010-0101"

gWy) =10 = (4 - 1) + 1.
Wielandt (1959) shows that the primitive index of a primitive

(0,1) matrix of order k is at most (k — 1)> + 1 and the bound is
attained if and only if the matrix is permutation similar to W;.;.
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PSw,,

1000 — 0100 — 0010 —= 0001 ~_
1001

1100 — 0110 — 0011 — L
1101—»11@

1010 — 0101 ~__ S
1011

1110 — 0111 —

gWi3)=6=2x4-2
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PSws.

10000-01000-+00100-00010-00001~

10001
11000-~01100-~00110-~00011" \11001
10100_’01010_’00101\10011/ \
11100-01110-00111" y
1001(%01001\.1 o1 /
1011001011~ N
11011
11010—»01101\1 1/

011
11110011117

gWs4)=8=2%5-2

1101»11@

24/60



Extremal behavior of Wielandt-type matrices (4214 % #.)

Lemma (Wang, W., Xiang). Letk>2andAbeakxk
primitive (0,1) matrix. Then PS4 has at least 22 vertices of
in-degree zero, where the equality holds if and only if A is
permutation similar to a Wielandt-type matrix.
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Primitive index of matrix set of fixed size and order

Let g, be the maximum possible value of g(A) where A is a
primitive matrix set consisting of 7 (0, 1) matrices of order k.

Besides Wielandt’s bound of g;; = (k— 1)> + 1 and the trivial
bound of g, < 2¢ -2, very little is known about g; ;.

92=2=22-2=02-17%+1
g32=6=2%-2
g4n=12=24-22
g52>23<24=2>-2°

262 =39 <48 =20 -24
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Cohen-Sellers (1982) suggest to estimate the parameter vy,
where y; = min{r : g, = 2% - 2}.
Theorem (Wang, W., Xiang). It holds for all positive integers

kthaty, <1+ (L(kS?/ZJ)'

Is the inequality in the theorem indeed an equality?
Yi=v2=1,v3=2,74=3,75 €{3,4}.

The proof of the theorem makes very heavy use of the
structure analysis of the phase space of Wy, as well as
the chain decomposition of the Boolean algebra.

Is there good understanding of the phase space of the
general Wielandt-type matrices?

27/60



A pair of chain decompositions of 2!

1 00 0O

1

1 00 010

1 000

1

1

0

1

1 0 01

00 0O0O0T1

1 00 0 01

000101

1

1 00 01

1 01 101
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Period (& #7)

Let A be an essential map on Set; such that 'y is strongly
connected. For every S C [k], we say that a positive integer i is
a period of A at S provided A/(S) 2 S and we write Per4(S) for
the least period of A at S.

Example. For

00 010
1.0 000
A=|0 1 0 0 1],
00100
00 010
we have
max Pers(S) =7
S eSety,
and

25>53—-54—-515—-523 >34 - 145 - 1235
is a walk of length 7 in £S4.
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Simplicial complex (¥ 4.4 )

Let Prim; be the set of all primitive essential maps on Sety.

The kth primitive essential map complex is the simplicial
complex on the ground set Prim; such that ¥ C Prim,, is a face
of the complex if and only if ¥ is primitive.
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Figure: http://media.sjtu.edu.cn/photo!list.do?cid=23

Take an essential map A on Set; such that T'4 is strongly
connected. What is the shape of S,? Especially, how to
get an upper bound for maxgese, Pera(S)?

Is the primitive matrix set complex a pure simplicial
complex? Namely, is it true that all maximal faces of it are
of the same dimension?
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2. Phylogenetics (% 448 £ %)
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An evolutionary tree of life (&£ % 1L #)

Fungi Gram-positives
Chlamydiae

Animals

Slime molds

Plants Green nonsulfur bacteria

Algae Actinobacteria

Planctomycetes

Protozoa Spirochaetes
Fusobacteria
Crenarchaeota
Cyanobacteria
Nanoarchaeota

(blue-green algae)

Euryarchaeota Thermophilic

sulfate-reducers

Acidobacteria

Protoeobacteria

Figure: https://en.wikipedia.org/wiki/Phylogenetics
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2.1 Preorder (&)
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T

The leaf set of the tree T is X = {a, b, c,d}. The tree T induces
the tree metric Dy € Z¥*X given by

DT(Cl, a) = DT(b, b) = DT(C, C) = DT(d, d) = O, DT(a, b) = DT(C, d) =
2,Dr(a,c) = Dr(a,d) = Dr(b,c) = Dr(b,d) = 3.

It also defines a total preorder p; on (3):
ab =cd <ac =ad = bc = bd,
which comes from
Dy(a, b) = Dy(c.d) < Dy(a,¢) = Dp(a,d) = Dy(b, ¢) = Dy (b, d).

We call p; a tree preorder.
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The tree metrics have the famous 4-point condition
characterization.

Is there any characterization for the tree preorders?

36/60



Are there two different trees sharing the same leaf set and the
same preorder?
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Are there two different trees sharing the same leaf set and the
same preorder?

Of course, subdividing edges appropriately will give us many
such examples.

a c a Cc

T T’

pr=pp : ab=cd <ac =ad = bc = bd
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To see a world in a grain of sand (— & —# % —%& —4=R)

Conjecture (W., Xiang, Xu). LetT and 7’ be two trees with
the same leaf set and without degree two vertices. If p; = py/,
then there is a graph isomorphism from T to T’ which fixes
every leaf vertex of the tree.

Since the tree metric D7 uniquely determines T, the above
conjecture basically says that we can uniquely reconstruct the
tree metric from the tree preorder provided the tree has no
degree two vertices.
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Regular tree (iE A 4f)

A regular tree is a tree all of whose inner vertices have the
same degree and that degree is at least 3.

Theorem (W., Xiang, Xu). Let T and T’ be two regular trees
sharing the same leaf set. If p; = p;, then there is a graph
isomorphism from T to T’ which fixes every leaf vertex.
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Tell a tree from its distance set (#¢ 3B & % & #)

The distance set of a tree T, denoted by DSr, is the set of
numbers which appear as distances on T between pairs of
leaves.

A set I of positive integers is called an avoidable tree
distance set if for every number k there exists a tree T
without degree 2 vertices such that its diameter is greater
than k and I " DSt = 0.

We say that a positive integer k is a distance jump of a tree
T provided there exists j € DSy such that

k=min{i: i>0,i+ je DS7t}.
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Symbolic dynamics (#3225 /1 % %)

Theorem (W., Xu, Zhu). There is an algorithm to decide, for
any finite set I of positive integers, whether or not I is an
avoidable tree distance set.

Our algorithm is to transform the problem to that of deciding
whether or not a shift of finite type is an empty shift space.
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A tree without leaf distance 6 (3£ il 3 7= i 3L~ 89 41)

Figure: DSt ={2,3,4,5,7)}
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Some low-hanging fruits (& FZ %)

Theorem (W., Xu, Zhu).

A positive integer is an unavoidable tree distance if and
only if it is one of 2,4 and 6.

A tree without degree 2 vertices and with diameter at least
6 can miss leaf distance 6 if and only if it is obtained from
the tree in the previous slides by adding leaves to those
vertices which is already adjacent to a leaf.

The set {2k — 1, 2k} is an unavoidable tree distance set if
and only if k < 6.
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Distance jump (& #f 3k 3E)

Let O be the set of positive odd integers. An even tree is a tree
such that DSy NO = 0. It is easy to construct even trees without
degree 2 vertices and with arbitrarily large distance jumps.

For any given positive number %, is there always a set 7 of
consecutive positive integers of size bigger than k such that
I'U O is avoidable?
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2.2 Partition (214")
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\ar

Edge boundary partition (i% & 742 21 »")

For any graph G and any U C V(G), let
EcU)={uweEG):uelUyv¢U}
denote the edge boundary of U in G.

An edge boundary partition of a graph G is a collection IT of
subsets of V(G) such that

G[U] is connected for all U € IT and
{Eg(U) : U €11} form a partition of E(G).

Every edge boundary partition IT of G determines a vertex
covering multiplicity vector yr; which maps v € V(G) to the size
of the multiset {S : ve S eII}.
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V1 u 1% 2
Xe —e— ® — oy
N 7/ /
// V\3\
Ze — = oW
N Vs
/’V4\\ VS\\
Ue —0— ® *— oV

A nested edge boundary partition: TT; = {{v}, {v2}, {v3}, {va}, {vs}}

XH](VI) = 19XH1(X) = 07)(1_[1(”) =0
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King Il (=)

NS U V2
Xe —e © o— oY
S vy 7
Ze — — oW
V4 Vs
Ue ~ ® oV

A nested edge boundary partition:
I = {{vi, va, v3, u}, {u}, {vah, {vsh
an(vl) = 19/\/H2(X) = 07)(1_[2(”) =2
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King Il (£2))

V1 u > V2
Xe —~—e — = ' )4
1
1
1
1
. |
V3l o
Ze® —o— ' X%
1
V4 Vs
Ue ® @ oV

A nonnested edge boundary partition:
Iz = {{vi, v, u}, {u, vol, {val, st
XT3 = XTI,
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An edge boundary partition IT should in general be viewed
as a multiset. But for a connected graph G, the only
possible elements appeared in IT with multiplicity greater
than 1 are only V(G) and 0.

It is easy to see that a graph has an edge boundary
partition if and only if it is a bipartite graph.
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Representing partitions on trees (A £t & .2 34 R %)

Due to the phylogenetics background,
Huber-Moulton-Semple-Wu (2014) initiate the study of those
partitions of a set X which can generate a weighted split system
of X represented on a tree.

A reformulation of their main concern using the concept of edge
boundary partition is as follows:

Let T be a tree with leaf set X. An edge boundary partition IT of
T is normal if y1; takes value zero on X. What is the global
structure of all the normal edge boundary partitions of 77

51/60



Two operations (i AZ% #%)

Let G be a bipartite graph and let EBP¢ be the set of all edge
boundary partitions of G. For any U C V(G), let fg(U) be the set
of connected components of G[U].

We define two natural operations which are self-maps of EB8P.

Let IT € EBP;.

Operation | (decreasing vertex covering multiplicity): Take
A, B € Il such that A € B, and set

" = (I1 - {A, B}) U (B — A);

Operation Il (increasing nestedness): Take A, B € IT and
setIl’ ={1-{A,B}) U{AUB}Ufg(ANB).
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Two operations (i AZ% #%)

Let G be a bipartite graph and let EBP¢ be the set of all edge
boundary partitions of G. For any U C V(G), let fg(U) be the set
of connected components of G[U].

We define two natural operations which are self-maps of EB8P.
Let IT € EBP;.

Operation | (decreasing vertex covering multiplicity): Take
A, B € Il such that A € B, and set
" = (I1 - {A, B}) U (B — A);

Operation Il (increasing nestedness): Take A, B € IT and
set I’ = (Il - {A, B}) U{A U B} U f5(A N B).
Operation Il : I3 — I,

Operation | : I, — IT;
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Poset structure of the edge boundary partitions (1 7> 45 4#)

For any I1;,T1, € EBP;, we write
II, eI,

whenever we can transform TI, into IT; via a sequence of
Operations | and IlI.

Lemma (W., Xu). The binary relation € gives a partial order
on EBPg.
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t

Operation Il and partitions with the same multiplicity (% 4%
B E TR -HNEEREI D)

Let NEBP; be the set of nested edge boundary partitions of G.

For every IT e NEBPg, let L consist of those elements IT” of
SBPG with XTI = XTI -

Lemma (W., Xu). TakeIl € NEBPs. Amap I e NEBPg is
equal to IT if and only if yi; = y1r. Operation Il sends L to itself
and every element in Ly can be transformed to IT by a
sequence of Operation Il.

Problem (W., Xu). Take atree G and a map IT € NEBPg. Is
it true that the subposet of (8%, €) induced by Ly; is a ranked
poset?

The problem has a positive answer when G is a path. In that
case, that subposet restricted to normal edge boundary
partitions corresponds to an interval in the strong Bruhat order
of the symmetric group.
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Distributive lattice of nested edge boundary partition (# &
i3 BB 42 D 5 A mx 09 1 A

Let G be a connected bipartite graph with partite sets V, and
V1. Fori € {0, 1}, let NEBP:(i) represent the elements

IT e NEBP; such that y1; takes odd value on V; and takes even
value on V;_;.

Theorem (W., Xu). Forany i € {0, 1}, the subposet of
(EBPg, €) induced by NEBP;(i) is a (ranked) distributive
lattice.

When G is the path of even length 2n, the distributive lattice
induced by the set of normal nested edge boundary partitions

is just the strong Bruhat order restricted on 312-avoiding
(2)1)

=+l

permutations and its size is the Catalan number C,
(Barcucci-Bernini-Ferrari-Poneti, 2005).
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Operation | and Bruhat order (% #— 27 & I /)

Iy = {{c}, b, c.d} {f}{a. b, c.d e, f, g1}
I = {{b}, {d}. {f}.a. D, c.d, e, [, g}}

c CH CH) ) )
2 23 3 4 4 1

3241 = 2341
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Normal nested edge boundary partitions of a path vs the
Bruhat order (¥ 89 E#Li% 5 K43 3 5324 & 9 )

4321

2431 3241

/ N/ N\

1432 2341 3214

PARN

1342 2143 2314

| X X

1243 1324 2134

N

1234
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Normal nested edge boundary partitions of a tree (449 iE
Rk B8 R4 3 %)

23232

N

21232 23212

! ~N

e 01232 21212 23210

y o) N

01212 21012 21210

j > X

d 01012 01210 21010

C ~N |7

01010

Figure: All vertex covering multiplicity vectors take value 0 on
{a,b,c,d, e, f} and value 1 on {g, h, i, j, k, £}. We thus only record their
values on {m, n, 0, p, q}. 58/60



A possible generalization of Catalan number (- 4% B % 49
T it 4 &)

Problem (W., Xu). What is the size of the lattice of all normal
nested edge boundary partitions of a tree?
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Once there was a tree... (F£AT A Fa#t...)

https://allpoetry.com/poem/
8538991-The-Giving-Tree-by-Shel-Silverstein
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